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GORENSTEIN INJECTIVE ENVELOPES OF ARTINIAN MODULES
MASSOUMEH NIKKHAH BABAEI AND KAMRAN DIVAANI-AAZAR
Abstract. Let R be a commutative Noetherian ring and A an Artinian R-module. We prove that if A has
finite Gorenstein injective dimension, then A possesses a Gorenstein injective envelope which is special and
Artinian. This, in particular, yields that over a Gorenstein ring any Artinian module possesses a Gorenstein
injective envelope which is special and Artinian.
1. Introduction and Prerequisites
Throughout this paper, R is a commutative Noetherian ring with an identity. It is a standard fact that
any R-module M possesses an injective envelope ER(M). Contrary to that it is not known yet that any
R-module has a Gorenstein injective envelope. For an R-module M , let GR(M) denote the Gorenstein
injective envelope of M if it exists. It is known that if A is an Artinian R-module, then ER(A) is also
Artinian. There is much evidence supporting Holm’s claim “Every result in classical homological algebra
should have a counterpart in Gorenstein homological algebra”; see [H]. Hence, the following question arises:
Does any Artinian R-module A admit an Artinian Gorenstein injective envelope? In this paper, we are
concerned with this question. Belshoff and Enochs [BE, Theorem 1] have given a partial positive answer
to this question. They proved that if R is a Gorenstein local ring with the residue field k, then GR(k)
is Artinian. We show that if A is an Artinian R-module with finite Gorenstein injective dimension, then
GR(A) exists, it is Artinian and idR(GR(A)/A) < ∞. In particular, we conclude that if R is Gorenstein,
then any Artinian R-module admits an Artinian Gorenstein injective envelope. The following are two of the
remaining open questions in the theory of Gorenstein dimensions; see [CFoH, Questions 3.17 and 3.19]:
Is every direct limit of Gorenstein injective R-modules Gorenstein injective?
Is Mp Gorenstein injective over Rp for all Gorenstein injective R-modules M and all prime ideals p of R?
Assuming a positive answer to the first question, we provide an affirmative answer to the second question.
Below, we recall some definitions and notations.
An R-module M is said to be Gorenstein injective if there exists an exact sequence
I• : · · · −→ I1 −→ I0 −→ I
0 −→ I1 −→ · · ·
of injective R-modules such that M ∼= im(I0 −→ I
0) and that HomR(I, I
•) is exact for all injective R-
modules I. The notion of Gorenstein injective dimension of an R-module M , GidM , is defined as the
infimum of the length of right resolutions of M which are consisting of Gorenstein injective R-modules.
Let X be a class of R-modules and M an R-module. An R-homomorphism φ :M −→ X where X ∈ X
is called a X -preenvelope of M if for any X ′ ∈ X , the induced R-homomorphism HomR(X,X
′) −→
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HomR(M,X
′) is surjective. If, moreover, any R-homomorphism f : X −→ X such that fφ = φ is an
automorphism, then φ is called a X -envelope of M . From the definition, it becomes clear that if X -
envelopes exist, then they are unique up to isomorphism. A X -(pre)envelope φ : M −→ X is called special
if ExtiR(Cokerφ,X
′) = 0 for all X ′ ∈ X and all i > 0.
If X is the class of Gorenstein injective R-modules, then a X -(pre)envelope is called Gorenstein injective
(pre)envelope. By [EL, Corollary 2.7], over a commutative Noetherian ring, any module has a Gorenstein
injective preenvelope. In fact by [K, Theorem 7.12] any such a module has a special Gorenstein injective
preenvelope. But, it is not known whether any module over an arbitrary commutative Noetherian ring has
a Gorenstein injective envelope or not. Since any injective R-module is Gorenstein injective, it follows that
any Gorenstein injective preenvelope is a monomorphism. If M admits a Gorenstein injective envelope, then
without loss of generality, we may assume that M has a Gorenstein injective envelope i : M →֒ GR(M),
where M is a submodule of the Gorenstein injective R-module GR(M) and i is the inclusion map. For
simplicity, sometimes we call GR(M) the Gorenstein injective envelope ofM . If φ :M −→ E is a Gorenstein
injective (pre)envelope such that Cokerφ has finite injective dimension, then using [CFrH, Lemma 2.2], we
can deduce that φ :M −→ E is a special Gorenstein injective (pre)envelope of M .
An R-module M is said to be Gorenstein projective if there exists an exact sequence
P• : · · · −→ P1 −→ P0 −→ P
0 −→ P 1 −→ · · ·
of projective R-modules such that M ∼= im(P0 −→ P
0) and that HomR(P•, P ) is exact for all projective R-
modules P . The Gorenstein projective dimension of an R-module M , GpdRM , is defined as the infimum of
the length of left resolutions of M which are consisting of Gorenstein projective R-modules.
Let X be a class of R-modules and M an R-module. An R-homomorphism φ : X −→ M where
X ∈ X is called a X -precover of M if for any X ′ ∈ X , the induced R-homomorphism HomR(X
′, X) −→
HomR(X
′,M) is surjective. If, moreover, any R-homomorphism f : X −→ X such that φf = φ is an
automorphism, then φ is called a X -cover of M . Obviously, if X -covers exist, then they are unique up to
isomorphism. A X -(pre)cover φ : X −→ M is called special if ExtiR(X
′,Kerφ) = 0 for all X ′ ∈ X and
all i > 0. If X is the class of Gorenstein projective R-modules, then a X -(pre)cover is called Gorenstein
projective (pre)cover. As any projective R-module is Gorenstein projective, it follows that any Gorenstein
projective precover is an epimorphism. If X is the class of injective R-modules, then a X -(pre)cover is
called injective (pre)cover. By [EJ, Theorem 5.4.1 and Corollary 7.2.3], over a commutative Noetherian ring,
every R-module admits a special injective cover.
2. The Results
Theorem 2.7 is our main result. To prove it, we need to the following five lemmas. We start by the
following special case of [T2, Corollary 2.5] that can be easily deduced from [H, Corollary 2.13] and [T1,
Remark 2.6].
Lemma 2.1. Let (R,m) be a Henselian local ring and N a finitely generated R-module of finite Gorenstein
projective dimension. Then N possesses a special Gorenstein projective cover φ : V −→ N such that V is
finitely generated and Kerφ has finite projective dimension.
In what follows, the following will serve us as a technical tool.
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Lemma 2.2. Let f : R −→ T be a homomorphism of Noetherian commutative rings and M a T -module.
Assume that any Gorenstein injective T -module is also a Gorenstein injective R-module via f .
i) GidRM ≤ GidT M and equality holds if any T -module which is Gorenstein injective as an R-module
is also Gorenstein injective as a T -module.
ii) Assume f is flat. Let φ : M −→ E be a Gorenstein injective preenvelope of M as a T -module such
that idT (Cokerφ) < ∞. Then φ : M −→ E is also a Gorenstein injective preenvelope of M as an
R-module and idR(Cokerφ) <∞.
Proof. i) Our assumption implies that any Gorenstein injective resolution of M as a T -module is also a
Gorenstein injective resolution of M as an R-module. Hence, GidRM ≤ GidT M .
Now, assume that any T -module which is Gorenstein injective as an R-module is also Gorenstein injective
as a T -module. We show that GidT M ≤ GidRM . We may assume that n := GidRM is finite. Let
E• : 0 −→ E0 −→ E1 −→ · · · −→ Ei −→ · · ·
be a Gorenstein injective resolution ofM as a T -module. Since E• is also a Gorenstein injective resolution of
M as an R-module, [CFrH, Theorem 3.3] yields that Ker(En −→ En+1) is a Gorenstein injective R-module.
Then, by the assumption Ker(En −→ En+1) is also Gorenstein injective as a T -module. Thus, we deduce
that
0 −→ E0 −→ E1 −→ · · · −→ En−1 −→ Ker(En −→ En+1) −→ 0
is a Gorenstein injective resolution of M as a T -module, and so GidT M ≤ GidRM .
ii) By the assumption E is also a Gorenstein injective R-module. As any injective T -module is also
injective as an R-module, we deduce that idR(Cokerφ) < ∞. Hence, [CFrH, Lemma 2.2] implies that
ExtiR(Cokerφ,G) = 0 for all Gorenstein injective R-modules G and all i > 0. Therefore, for any Gorenstein
injective R-module G, from the exact sequence
0 −→M
φ
−→ E −→ Cokerφ −→ 0,
we obtain the exact sequence
HomR(E,G) −→ HomR(M,G) −→ Ext
1
R(Cokerφ,G) = 0.
This completes the argument. 
Let (R,m) be a local ring. To be able to apply Lemma 2.2 ii) to the natural flat ring homomorphism
θ : R −→ Rˆ, we have to prove the following:
Lemma 2.3. Let f : (R,m) −→ (T, n) be a faithfully flat ring homomorphism of local rings. Then every
Gorenstein injective T -module is also a Gorenstein injective R-module via f .
Proof. Let M be a Gorenstein injective T -module. As pdT (T ⊗R T ) < ∞, [CFrH, Lemma 2.2] yields
that ExtiT (T ⊗R T,M) = 0 for all i > 0. On the other hand, using adjointness, one can check that
ExtiR(T,M)
∼= ExtiT (T ⊗R T,M) for all i ≥ 0. So, RHomR(T,M) ≃ HomR(T,M). Since, by [CH, Ascent
table I, (d)], HomR(T,M) is a Gorenstein injective T -module, we deduce that GidT (RHomR(T,M)) = 0.
Now, [CW, Theorem 1.7] implies that GidRM = GidT (RHomR(T,M)), and so M is a Gorenstein injective
R-module. 
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Let A be an Artinian module over a local ring (R,m). Sharp [Sh] has shown that A has a natural structure
as a module over Rˆ. Let θ : R −→ Rˆ denote the natural ring homomorphism. The Rˆ-module structure of A
is such that for any element r ∈ R the multiplication by r on A has the same effect as the multiplication of
θ(r) ∈ Rˆ. Furthermore, a subset of A is an R-submodule of A if and only if it is a Rˆ-submodule of A.
Next, we prove our main result in the special case that R is local.
Lemma 2.4. Let (R,m) be a local ring and A an Artinian R-module of finite Gorenstein injective dimension.
Then A admits a Gorenstein injective envelope G(A) which is Artinian and idR(G(A)/A) <∞.
Proof. First of all note that [Sa, Lemma 3.6] implies that Gid
Rˆ
A <∞. On the other hand, for any Artinian
Rˆ-module B, it follows that B is also Artinian as an R-module and HomR(B,B) = HomRˆ(B,B). Hence, in
view of Lemma 2.3 and Lemma 2.2 ii), we may and do assume that R is complete.
Denote the exact functor HomR(−,ER(R/m)) by (−)
∨. Then N := A∨ is a finitely generated R-module
and N∨ ∼= A. By [CFoH, Theorem 4.16] and [CFrH, Proposition 3.8 (a)], one sees that GpdRN = GidR A <
∞. Hence, by Lemma 2.1, N possesses a Gorenstein projective cover φ : V −→ N such that V is finitely
generated and K := Kerφ has finite projective dimension. From the exact sequence
0 −→ K →֒ V
φ
−→ N −→ 0,
we get the exact sequence
0 −→ A
λ
−→ V ∨ −→ K∨ −→ 0. (∗)
Applying [CFoH, Theorem 4.16] and [CFrH, Proposition 3.8 (a)] again implies that V ∨ is an Artinian
Gorenstein injective R-module. We show that λ is a Gorenstein injective envelope of A. As pdRK < ∞,
one obtains
idR(Cokerλ) = idRK
∨ <∞.
For any Gorenstein injective R-module G, [CFrH, Lemma 2.2] yields that ExtiR(K
∨, G) = 0 for all i > 0,
and hence from (∗), we can deduce the exact sequence
HomR(V
∨, G) −→ HomR(A,G) −→ Ext
1
R(K
∨, G) = 0.
Thus λ : A −→ V ∨ is a Gorenstein injective preenvelope of A and idR(Cokerλ) <∞.
Let τ : V −→ (V ∨)∨ denote the natural R-isomorphism. Let f : V ∨ −→ V ∨ be an R-homomorphism
such that fλ = λ. Then, we have φ(τ−1f∨τ) = φ, which yields that τ−1f∨τ is an automorphism. Therefore,
f is an automorphism, and so V ∨ is a Gorenstein injective envelope of A. 
The next is our last preliminary lemma for proving our main result.
Lemma 2.5. Let S be a multiplicatively closed subset of R and L a S−1R-module. Then L is Gorenstein
injective as an R-module if and only if it is Gorenstein injective as a S−1R-module. More generally, for any
S−1R-module M , we have GidRM = GidS−1RM .
Proof. First, assume that L is Gorenstein injective as an R-module. Let N be a S−1R- modules and E• an
injective resolution of N . For any R-module M , one has the following natural isomorphisms of complexes:
HomR(M,E
•) ∼= HomR(M,HomS−1R(S
−1R,E•))
∼= HomS−1R(M ⊗R S
−1R,E•)
∼= HomS−1R(S
−1M,E•).
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By bringing to mind that any injective S−1R-module is also injective as an R-module, it follows that E• is
also an injective resolution of N as an R-module, and so ExtiR(M,N)
∼= ExtiS−1R(S
−1M,N) for all i ≥ 0.
In particular, if M is a S−1R-module, then we have ExtiR(M,N)
∼= ExtiS−1R(M,N) for all i ≥ 0. In what
follows, we will use these isomorphisms without any further comment. Let
0 −→ L
d−1
−→ I0
d0
−→ I1 −→ · · ·
be an augmented injective resolution of L as a S−1R-module and I be an injective S−1R-module. Let k ≥ 0
and j > 0 be two integers. From the exact sequence 0 −→ im dk−1 −→ Ik −→ im dk −→ 0, we deduce the
S−1R-isomorphisms Extj
S−1R
(I, im dk) ∼= Ext
j+1
S−1R
(I, im dk−1). Applying these isomorphisms successively for
k = i, i− 1, . . . , 0 imply that
Extj
S−1R
(I, im di) ∼= Ext
j+i+1
S−1R
(I, L)
∼= Ext
j+i+1
R (I, L)
= 0.
Recall by [CFrH, Theorem 3.3], a module E over a commutative Noetherian ring T is Gorenstein injective
if and only if GidT E <∞ and Ext
i
T (Î , E) = 0 for all injective T -modules Î and all i > 0. By [EJ, Theorem
5.4.1 and Corollary 7.2.3], the S−1R-module L admits a special injective cover φ0 : I0 −→ L. Since L
is a Gorenstein injective R-module, there are an injective R-module I˜ and an R-epimorphism I˜ −→ L.
Localizing at S yields a S−1R-epimorphism S−1I˜ −→ L. Hence, φ0 is an epimorphism. From the exact
sequence 0 −→ Kerφ0 →֒ I0
φ0
−→ L −→ 0, we deduce that GidR(Kerφ0) < ∞. On the other hand, as φ0 is
special, one has
ExtiR(I
′,Kerφ0) ∼= Ext
i
S−1R(S
−1I ′,Kerφ0) = 0
for all injective R-modules I ′ and all i > 0. Thus, Kerφ0 is a Gorenstein injective R-module. By repeating
the above argument for Kerφ0 instead of L, we get a S
−1R-epimorphism φ1 : I1 −→ Kerφ0 where I1 is
an injective S−1R-module and and Kerφ1 is a Gorenstein injective R-module. Denote the composition
I1
φ1
−→ Kerφ0 →֒ I0 by d1. Continuing in this way, we find injective S
−1R-modules I0, I1, I2, . . . and S
−1R-
homomorphisms In
dn−→ In−1; n ≥ 1. Now, denote the sequence
· · · −→ In
dn−→ In−1 −→ · · · −→ I0
d−1φ0
−→ I0
d0
−→ I1 −→ · · ·
by I•. Then I• is an exact sequence of injective S−1R-modules, L ∼= im(I0 −→ I
0) and HomS−1R(I, I
•) is
exact for all injective S−1R-modules I. Therefore, L is a Gorenstein injective S−1R-module.
Next, assume that L is Gorenstein injective as an S−1R-module. Then, there is an exact sequence
I• : · · · −→ I1 −→ I0 −→ I
0 −→ I1 −→ · · ·
of injective S−1R-modules such that L ∼= im(I0 −→ I
0) and that HomS−1R(I, I
•) is exact for all injective
S−1R-modules I. Then I• is also an exact sequence of injective R-modules. Let J be an injective R-module.
We have the following natural isomorphisms of complexes:
HomR(J, I
•) ∼= HomR(J,HomS−1R(S
−1R, I•)) ∼= HomS−1R(J ⊗R S
−1R, I•).
But, J ⊗R S
−1R is an injective S−1R-module, and so the complex HomR(J, I
•) is exact. This shows that L
is a Gorenstein injective R-module.
The last assertion follows immediately by Lemma 2.2 i). 
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We can record the following immediate corollary.
Corollary 2.6. Assume that every direct limit of Gorenstein injective R-modules is Gorenstein injective.
Let S be a multiplicatively closed subset of R and M a Gorenstein injective R-module. Then S−1M is a
Gorenstein injective S−1R-module.
Proof. As S−1R is a flat R-module, the Govorov-Lazard Theorem implies that S−1R is the direct limit
of a direct system {Fθ}θ∈Θ of finitely generated free R-modules. One can easily check that Fθ ⊗R M is
a Gorenstein injective R-module for all θ ∈ Θ. Thus, by our assumption, S−1M ∼= lim−→
θ
(Fθ ⊗R M) is a
Gorenstein injective R-module. Next, by Lemma 2.5, we have
GidS−1R S
−1M = GidR S
−1M = 0,
and so S−1M is is a Gorenstein injective S−1R-module, as required. 
Now, finally we are ready to prove our theorem.
Theorem 2.7. Let A be an Artinian R-module of finite Gorenstein injective dimension. Then A admits a
Gorenstein injective envelope GR(A) which is Artinian and idR(GR(A)/A) <∞.
Proof. Let m ∈ SuppR A. Since A is an Artinian R-module, there exists an exact sequence
0 −→ A −→ E0 −→ E1 −→ · · · −→ Ei −→ · · ·
in which each Ei is an Artinian injective R-module. Then, by [CFrH, Theorem 3.3], it turns out that
Ker(Ei −→ Ei+1) is a Gorenstein injective R-module for all i ≥ GidR A. Now,
0 −→ Am −→ E
0
m −→ E
1
m −→ · · · −→ E
i
m −→ · · ·
is an injective resolution of the R-module Am. By [D, Lemma 2.1 (ii)], for each i ≥ 0, Ker(E
i
m −→ E
i+1
m )
is a direct summand of Ker(Ei −→ Ei+1). Hence, Ker(Eim −→ E
i+1
m ) is a Gorenstein injective R-module
for all i ≥ GidRA. Thus, GidRAm ≤ GidR A, and so GidRm Am is finite by Lemma 2.5. Now, by Lemma
2.4, GRm(Am) exists and it is an Artinian Rm-module with idRm(GRm(Am)/Am) < ∞. It is easy to check
that any Artinian Rm-module B is also Artinian as an R-module and HomR(B,B) = HomRm(B,B). Thus,
GRm(Am) is an Artinian R-module and Lemma 2.5 and Lemma 2.2 ii) yield that GR(Am) = GRm(Am) and
idR(GR(Am)/Am) <∞.
Suppose that SuppRA = {m1, . . . ,mn}. By [D, Lemma 2.1 (ii)], one has a natural R-isomorphism
A ∼= Am1 ⊕ · · · ⊕ Amn .
By the preceding paragraph for each i, the R-module Ami possesses an Artinian Gorenstein injective envelope
φi : Ami −→ GR(Ami) such that idR(GR(Ami)/Ami) < ∞. Now,
n
⊕
i=1
GR(Ami) is an Artinian Gorenstein
injective R-module and
⊕
i
φi :
n
⊕
i=1
Ami −→
n
⊕
i=1
GR(Ami)
is an R-monomorphism with Coker(⊕
i
φi) ∼=
n
⊕
i=1
GR(Ami)/Ami . Hence, ⊕
i
φi is a Gorenstein injective preenve-
lope and idR(Coker(⊕
i
φi)) <∞. Let m and n be two distinct maximal ideals ofR and B and C twoR-modules
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such that SuppR B ⊆ {m} and SuppR C ⊆ {n}. Then, one can easily check that HomR(B,C) = 0. Thus, we
have
HomR(
n
⊕
i=1
GR(Ami),
n
⊕
i=1
GR(Ami))
∼=
n
⊕
i=1
HomR(GR(Ami),GR(Ami)),
which yields that ⊕
i
φi is our desired Gorenstein injective envelope. 
Corollary 2.8. Let R be a Gorenstein ring and A an Artinian R-module. Then A admits a Gorenstein
injective envelope GR(A) which is Artinian and idR(GR(A)/A) <∞.
Proof. Suppose that SuppRA = {m1, . . . ,mn}. By [D, Lemma 2.1 (ii)], one has a natural R-isomorphism
A ∼= Am1 ⊕ · · · ⊕ Amn .
Since over a Gorenstein local ring, any module has finite Gorenstein injective dimension, the proof of Theorem
2.7 yields that
GidRA = max{GidR Ami |i = 1, . . . , n} <∞.
Hence, the claim follows by Theorem 2.7 
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